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SUMMARY 

A solution is derived for the heat flow and consolidation which occur when a heat source is buried deep in a 
porous thermoelastic soil having anisotropic flow properties. This solution is used to examine the pore 
pressure generation and dissipation near both point and cylindrical heat sources. An increase in temperature 
will tend to generate an increase in excess pore pressure. However, the pore water will tend to flow from 
regions of high excess pore pressure to regions of low excess pore pressure, and so consolidation will occur, 
and temperature-generated excess pore pressures will tend to dissipate. Many natural soils exhibit horizontal 
layering and so have a higher horizontal than vertical permeability. It is shown that in soils the excess pore 
pressure generated by a heat source is significantly less than that in an isotropic soil having an equal vertical 
permeability. 

INTRODUCTION 

Disposal of high level radioactive waste in seabed sediments is considered a possible alternative to 
long term storage in land repositories.’” A possible method of disposal could be to drop canisters 
containing the waste from a ship through the sea water in areas where depths of ocean waters vary 
between 4 and 6 km. A terminal velocity of about 50 m/s would be achieved before the canister 
reached the sediment, and it is expected that for the canister weights and the soils strengths under 
consideration, penetrations of the order of 30 m will be a~hieved .~  

High level radioactive waste is heat generating and therefore the soil surrounding the canister 
will increase in temperature and its constituents will undergo thermal expansion. The coefficient of 
expansion of the pore water is greater than that of the skeleton and so the differential expansion 
between pore water and soil grains will generate an increase in pore water pressures which will 
reduce the effective stress and may cause cracking of the surrounding soil. Recently, the authors 
developed a solution for the heat transfer and consolidation around a heat source buried deep in a 
homogeneous saturated thermoelastic medium and showed that if the soil is sufficiently permeable 
these excess pore pressures will dissipate and reduce the risk of cracking. Natural deposits are 
often deposited as, a sequence of horizontal layers and can thus often exhibit a marked anisotropy 
of flow properties, even when the deformation properties are isotropic. The paper extends the 
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authors’ previous solution4 and examines the heat transfer and consolidation around a point heat 
source buried deep in a porous thermoelastic medium with anisotropic flow properties. 

GOVERNING EQUATIONS 

The derivation of the equations governing the consolidation and heat transfer around a heat 
source buried in a saturated thermoelastic soil was presented by the authors in a previous paper.4 
That derivation allows for thermal expansion of both soil grains and pore water and it is based on 
the effective stress principle. The governing equations for the case of a medium with anisotropic 
flow of pore water are similar except for a change in Darcy’s law which is modified to take into 
account the different permeabilities in the horizontal and in the vertical directions. 

Development of equations 

The equations governing the consolidation of a saturated thermoelastic soil are as follows. 

The equation of equilibrium 

e l m , m = O  (1) 

where elm denotes the increase in total stress components over their initial equilibrium state, 
tension being considered positive and I ,  m ranging over the index set {x, y,  z } ,  and where changes in 
the density of the soil due to thermal expansion have been neglected. 

The efective stress-strain temperature relation 

elrn= - phim-  b06,,+ IZh~,,,&V + 2GEim ( 2 )  

where p is the excess pore water pressure, 0 is the increase in temperature over the ambient state, 
&lm are the strain components, = cll  is the volume strain, 6,, is the Kronecker delta, b is the 
thermal modulus, and A and G are the Lam6 and shear modulus respectively. 

The strain components are related to the displacement components uI by the usual relationship 

elm = 3(u,, m + urn, 1 )  

The Lam6 and shear modulus are related to the more familiar Young’s modulus ( E )  and Poisson’s 
ratio ( v )  by 

E Ev A= 
( 1  + v ) ( l  - 2 v )  

while the thermal modulus is related to the coefficient of volume expansion a by 

b = ( A  +% G ) a  

Clearly, if there are no structural changes during expansion a will be identical to a,, the coefficient 
of volume expansion of the skeletal material. 

The void occupancy equation Suppose that the volume change in the soil skeleton (due to stress) 
and the volume changes of the pore water (due to pressure) may be neglected. Then it is easy to 
establish that the volume outflow from a soil element must just match the decrease in volume of 
the element plus any increase in volume (due to an increase in temperature) of the constituents: 

vi, I d t  + E~ = a,8 11 (3) 
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where u, is the coefficient of the superficial velocity of the pore water relative to the soil skeleton, 
and a, =a,( 1 - n) + awn, with a, the coefficient of expansion of the pore water and n the porosity of  
the soil. 

Darcy's law. The flow of pore water in the soil is governed by Darcy's law: 

YW 

where k,,  denotes the components of the permeability tensor and y, is the unit weight of water. 
For a transversely isotropic material with horizontal permeability k ,  and vertical permeability 

k, ,  the permeability tensor has the form 

Thermal energy balance equation. In many applications mechanical contributions to energy 
balance are negligible when compared with thermal contributions. In such cases the net rate of 
inflow of energy into an element of the material will be just balanced by increases in the internal 
energy of the pore water and the soil skeleton. Thus, neglecting convective terms and mechanical 
coupling, f 

j: h,, I dt + me= 0 ( 5 )  

where h, represents the components of the heat flux vector, 

m = npwcw + (1 - n) pscs 

and pw and ps are the densities of the pore water and the skeletal material, and c, and c, are their 
specific heat capacities. 

Fourier's law of heat conduction. The flow of heat in the soil is assumed to be governed by 
Fourier's law: 

h,= -K8, ,  (6 )  
where K is the coefficient of heat conduction. 

TRANSFORMED EQUATIONS 

The above equations can be simplified by the introduction of repeated Laplace and Fourier 
transforms: 

where 1 and m range over the indices (x, y, z). 

' This assumption is generally valid for relatively impermeable soils, but if significant hydraulic gradients are generated in 
the neighbourhood of the source it may be necessary to adopt a more complex 
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It is then not difficult to show that the temperature distribution satisfies the equation. 

where 

p2 = p 2  + s/IC 

p 2 =  a2+ 8 2  

IC = K / m  

and p and p are defined to have a positive real part. 
Similarly, the displacements and pore pressure satisfy the equations 

G ( g  a2 6, - - p 2 6 , )  +(A+G)i@,=i@+iPbt7 

where 

1 k” cv = - (A + 2G) is the coefficient of vertical consolidation 
Y w  

k ,  cH = - (A + 2G) is the coefficient of horizontal consolidation 
Y w  

- aU 
az 

E ,  = + ia6, + ip6, + 2 J 
The solution of equations (7) and (8) can be considerably simplified by introducing the variables 
W=U,, U=i(cos~U,+sin~U,) ,  V=i(-sinEU,+costUy) 
N = S,,, S = i( - sin E S,, + cos E S,,) 
where a = p c o s ~ ,  /l=psinE 
It is then found that 

T= i(cos c S,, + sin E S,,), 

- a V  
S =  G- 
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where 

aw 
N =  -P-bO+AEv+2G- aZ 

T =  G (!! - p w) 

SOLUTION OF TRANSFORMED EQUATIONS 

Solution for temperature 

We can see from equation (9), or indeed from equations ( 5 )  and (6), that the determination of the 
temperature distribution is uncoupled from the determination of the other field variables. 

Let us suppose that a point heat source of strength Q is placed deep below the surface of a 
uniform deposit a saturated porous-thermoelastic solid. It is convenient to take this point as our 
origin of co-ordinates, and we see in the lower half-space (z < 0) 

6=c, epz (2  < 0) 

O=C,  e-Pz (z>o)  

Clearly, because of symmetry half the flow of heat will go to the upper half-plane, while the other 
half goes to the lower half-plane, and thus it is not difficult to establish that 

while, by symmetry, in the upper half-space (z>0) 

- 

(12) Q c,=- 
8z2K 

so that 

where 

Solution for pore pressure and volume strain 

Equations ( l la )  and ( l lb)  may be combined to show that 

(6 - p 2 )  [ P +  bO - (A+  2G)E,,] = 0  
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This equation can be integrated directly and it is found, taking account of the symmetry 
conditions that exist at z=O and the boundedness of the solution as Izl+co, that 

P+bO 
E v =  ___ 

1 + 2 ~  (14) 

If this equation is now combined with equation (1 1c) it is found that the pore pressure satisfies the 
equation 

where 

and o is defined to have a positive real part. 

aP/az must vanish when z = 0, it is found that 
Equation (1  5) may be solved in straightforward fashion. Recalling that, because of symmetry, 

where 

If equation (22) is combined with equation (20), it is then found that 

where 

and 
X b z= Y = Z +  

U,(n + 2G) [ 1 -k E - ( C v / K ) ]  ’ U,(L+ 2G) 

Solution for displacement 

It now remains to determine the displacement field. The determination of the displacement 
component V is uncoupled from that of U .  Thus, integrating equation (loa) and recalling that 
because of symmetry both S,, and S,, vanish on z = 0, and that V vanishes as 1 z 1 -+ co, we find that 

V = O  

The displacement component U and W can be found by integrating equations (10). Upon 
incorporation of equations (14), these become 

a2U - - 

a22 
__ - p 2 U =  -pEv 
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If equation (1 8b) is now combined with equation (17), it may be integrated directly. Recalling that 
the solution must remain bounded as /z~-+oo,  and that because of symmetry Wmust vanish when 
z=O, it follows that 

- a, G pW=--Y 
K 8.n' 

where 

where 

and 

(19) 

Determination of stress 

The transformed components of stress can be found from the stress-strain relation (2) and the 
known solutions for temperature, pore pressure, volume strain and displacement: equations (12), 
(13), (16), (19) and (20). It is thus found that 

4GU"Q @ 
- _ _  s,,+s,,+s~,= - ~ 8n2K 

SOLUTION FOR A POINT SOURCE, DISK AND CYLINDRICAL SOURCE 
BURIED AT GREAT DEPTH 

The transform expressions developed in the previous section can be used to evaluate the actual 
field quantities using Fourier's integral theorem. Recognizing the radial symmetry of the problem 



82 C. SAVVIDOU AND J. R. BOOKER 

and exploiting the relation between Fourier and Hankel transforms,6 we find upon introducing 
cylindrical polar co-ordinates r, cp, z that 

For an isotropic soil (cv = cH), these integral representations can be evaluated explicitly and reduce 
to the expressions developed by Booker and Savv ido~ .~  

It is not difficult to modify these equations to obtain the solution for a disk source of radius ro 
located at the origin and having a strength Q: 
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co 
- -  err - ovV = - 2Ga,,Q I pfJ2( p r )  x dp 

4nK 

orz= - - ~ "4",a;;" I , ' P f J l ( P r ) X d p  

2Jl( P o )  f =  ___ 
p r o  

This solution can now be integrated over the range -h<z<h  to obtain the solution for a 
cylindrical source: 

where 

Q* = f,*-fz: 
1 + & - ( C " / K )  

@*= Yf,*-Zf* 0 
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z2= +h-z, z1= -h-z 

The Hankel transforms appearing in the above expressions can be evaluated by numerical 
integration, and the Laplace transforms appearing in the integrands can be inverted analytically. 
However, inversion by the numerical algorithm developed by TaIbot7 is nearly as efficient. 

RESULTS AND DISCUSSION 

In order to illustrate the results the temperature and pore pressure generated by a point source are 
shown in Figures 1 and 2 for the case where the coefficient of vertical consolidation (cv) and the 
diffusitivity ( K )  are equal for a range of values of horizontal permeability. The results are plotted 
for two particular points, A and B, located on the vertical axis passing through the point source 
and in the horizontal plane passing through the point, respectively. 

For the purposes of illustration it is assumed that 

cv/u= 1, a/a,=& v = $ ,  cH/cv=l,  4, 9 
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Figure 1. Temperature distribution at points A and B 
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Figure 2. Variation of pore pressure with time at (a) point A, r = 0, and (b) point B, z = 0 

The variation of temperature with respect to the dimensionless time T=ict/R2 is shown in 
Figure 1. In this figure the temperature has been normalized by dividing by the steady state 
temperature ON = Q/(4zKR) which would exist at this point after a long period of time. As would 
be expected, the temperature distribution is unaffected by the anisotropy of the flow properties 
and increases from an initial value of zero to a final value of ON. 

By way of contrast, the variation of pore pressure with time at the points A and B is plotted in 
Figures 2(a) and 2(b), respectively. The pore pressures have been normalized by division by pN 
=XBN which represents the pore pressure that would be generated at that point in an 
impermeable soil. In Figure 2(a) the variation of pore pressure at a point A lying on a vertical axis 
passing through the source is shown for an isotropic soil and two anisotropic soils (cH/cv = 1,4,9). 
It can be observed that in the isotropic soil the pore pressure reaches only 24 per cent of the value it 
would have under consolidation; this effect is even more dramatic for the anisotropic soils, with 
values of 12 and 8 per cent for cv/c,=4 and 9, respectively. In Figure 2(b) the variation of pore 
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pressure with time at a point B lying on any horizontal axis passing through the point source is 
shown for an isotropic and two anisotropic soils (cv/cH= 1, 4, 9). As would be expected, for an 
isotropic soil the variation of pore pressure at the points A and B is identical, and again the 
maximum pore pressure at that point reaches only 24 per cent of the value it would reach if no 
consolidation occurred. From Figure 2(b) it can be seen that the effect of anisotropy of 
permeability is to reduce this maximum value still further, but the reduction is not as great as for 
the point on the vertical axis. This is perhaps surprising on first consideration, but upon reflection 
it can be seen that initially high excess pore pressures are generated close to the heat source, and 
that these pore pressures then migrate towards more remote points. Since the horizontal 
permeability is greater than the vertical permeability, the build-up at the point B will occur more 
quickly than at the point A, and thus it is to be expected that the pore pressure at B will reach a 
peak value which is greater than the corresponding peak value at A, at an earlier time. 

Equations (21) can be used to evaluate the solution for a cylindrical heat source having a radius 
ro and of length 2k. This solution has been evaluated for the specific case of a cylinder having a 
length-to-diameter (k: ro )  ratio of 10: 1. 
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Figure 3. Variation of temperature with time for a cylindrical heat source, r/ro= 1, 3, 5 
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Figure 4. Variation of excess pore pressure with time for a cylindrical heat source in an isotropic soil, r/ro = 1, 3, 5 
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All solutions have been evaluated in the horizontal plane which bisects the cylinder. 
The variation of temperature with the dimensionless time T= K t I r ; ,  at a number of locations, is 

shown in Figure 3. The maximum temperature 0, on the surface of the cylinder is found to be 

0, = 0,02387 QIKr,, 

and the temperature has been normalized to this reference temperature. The temperature is of 
course independent of the flow properties of the soil, and tends towards a steady state solution for 
long times. 

The behaviour of the excess pore water pressure is shown in Figures 4 and 5. If the surrounding 
soil were completely impermeable the pore pressure would be directly related to the temperature p 
= X 0 ,  and thus the pore pressure would reach a maximum value pN = X 0 ,  on the surface of the 
cylinder. Subsequently all excess pore pressures and stresses are normalized relative to p, .  

The variation of excess pore water pressure with dimensionless time Ta t  a number of positions 
for an isotropic soil is shown in Figure 4. It can be shown that the maximum excess pore pressure is 
generated at the surface of the cylinder, but because of the dissipation due to consolidation this 
reaches only a small fraction of the value pN it would attain if undrained conditions prevailed. 
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Figure 5. Variation of excess pore pressure with time for a cylindrical heat source in an anisotropic soil, (a) r/ro = 1 ,  
(b) r/ro = 3 
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Figure 6. Variation of (a) vertical stress, (b) radial stress and (c) hoop stress with time for a cylindrical heat source, r/ro = 1 
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seems that the existence of a higher value of horizontal permeability may in fact lead to an increase 
in excess pore pressure because the high excess pore pressures generated close to the source can 
migrate more quickly, and so lead - at least in the short term - to increases in pore pressure at 
points further from the source. 

The stress components ozz, or,. and ogrp normalized to pN are shown in Figures 6 and 7 for a point 
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Figure 7. Variation of (a) vertical stress, (b) radial stress and (c) hoop stress with time for a cylindrical heat source, r/ro = 3 
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on the source (r /rO = 1) and in figures for a point one diameter (r /rO = 3) from the source. All stress 
changes are compressive, and the hoop stress undergoes the minimum change. As would be 
expected, except at early times, the higher the horizontal permeability, the smaller the change in 
stress due to temperature. 

CONCLUSION 

A solution for the consolidation around a point and a cylindrical heat source buried deep below 
the surface of a saturated porous thermoelastic soil has been derived. The solution has been used 
to investigate the effectiveness of consolidation in dissipating the pore pressures generated by 
temperature increase. It has been shown that the pore pressure increases that occur are only a 
small fraction of those that would occur if the soil were completely impermeable and that, except 
for relatively small times, the magnitude decreases for soils having a higher horizontal permeabil- 
ity but the same vertical permeability. 

KEY SYMBOLS 

Coefficient of volume expansion of the soil 
Coefficient of volume expansion of the skeletal material (a =as if no structural changes occur during expansion) 
Coefficient of volume expansion for undrained conditions (a, =a,(l -n)+a,n, where n is the porosity) 
Coefficient of volume expansion of the pore water 
Thermal modulus: h=(A+fG)a 
Coefficient of consolidation for horizontal flow 
Coefficient of consolidation for vertical flow 
Young’s modulus of the skeleton 
Shear modulus of the skeleton: G = E/2(1+ v )  
Coefficient relating excess pore pressure and temperature for undrained conditions: X =(A + 2G)a,- h 
Diffusitivity 
Lam6 modulus of the skeleton: A=Ev/(l +v)(l-2v) 
Poisson’s ratio of the skeleton 
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